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Ronnie Brown’s influence on my work is huge.

At heart a homotopy theorist,
he tended to ask questions that have a very nice categorical answer.

[ believe questions are what makes mathematics.

My aim today is to talk about two such questions which were originally asked by him:

» What is a double crossed module?
The answer is: a crossed square, which is a “crossed modules of crossed modules”,
closely related to the non-abelian tensor product, developed in joint work with Loday;

» What is a double central extension?
Here the answer, due to George Janelidze, is:
a “double extension, central relative to central extensions”;
these appear in the Hopf formulae for homology and are classified by cohomology.
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In order for the more direct XSqr ~ XMod(XMod(Gp)) to make sense,
we need to understand what is an internal crossed module.

We define XMod(Z") ~ Cat(Z") where 2" is a semi-abelian category;
we see that XMod ~ XMod(Gp).

Since XMod(.Z") is again semi-abelian,
we may put XSqr(Z") == XMod(XMod(.Z")) and obtain XSqr ~ XSqr(Gp).

We recall what are semi-abelian categories, and how to define internal actions.
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Examples:
» abelian categories: modules over a ring, sheaves of abelian groups;
» pointed varieties of universal algebras with a group operation:
groups, rings, Lie algebras, associative algebras, crossed modules;
> loops, Heyting semilattices, cocommutative Hopf algebras, Set;, .
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(K, M, N] > > X

We call [K, M, N] the ternary Higgins commutator of K, M and N in X.

The ternary commutator occurs naturally in the join decomposition formula
[K,M v N] = [K,M] v [K,N] v [K, M, N].

In general, [[X, X], X] < [X, X, X]; the equality holds when 2" is algebraically coherent.
The codiagonal induces folding maps Sﬁ’g’: LoMoM — LoMand Sé’ﬁ/’: LoLoM — LoM.



9.

Internal crossed modules

[Jan03, HVdL13]

The aim is to have an equivalence XMod(.Z") ~ Cat( %) for any semi-abelian category 2 .

A crossed module in 2 is a morphism p: M — L together with a suitable action of L on M.
The form of the conditions on the action v depends on how actions are encoded.

Here, condition M1 (in groups, 1(“m) = *1(m)) amounts to
equivariance of 1 with respect to 1 and the conjugation action c*

ker(d) d
M——>M Xy L

L

]
A\

L

S B B
(1170) (h,h)

MM
MoM——>M
while M2 (M) m/ = mm/y amounts to /wlml llM

LoM——>M
LM LM
Yr2 =Sy ha1 = oSy v

Lof L on itself:

L<>/\/I$M

e |»

Lol ——>1L
bt

P12
LoMoM——M

1L<>,LL<>1MJ/ \LIM

LoLoM——>M
P21



11. Internal crossed squares [dMVdL20]

By definition now, XSqr(Z") :== XMod(XMod(Z")) for any semi-abelian category Z;



11. Internal crossed squares [dMVdL20]

By definition now, XSqr(Z") :== XMod(XMod(Z")) for any semi-abelian category Z;
then XSqr ~ XSqr(Gp) is automatic.



11. Internal crossed squares [dMVdL20]

By definition now, XSqr(Z") :== XMod(XMod(Z")) for any semi-abelian category Z;
then XSqr ~ XSqr(Gp) is automatic.

Unfortunately, this doesn’t explain the Brown-Loday definition at all!



4. Crossed squares [BL87, GWL81, Lod82]

PY M A crossed square is a commuting square in the category Gp of groups, with
» actions of L on M, N and P
Py a (of M on Pand N via y, of N on M and P via v)
N——>L » and a functionh: M x N — P

suchthatforallﬁe L,m,m" €M, n,n" e Nandp € P:
xo h(mm’,n) =™h(m',n)h(m,n) and h(m,nn") = h(m,n)"h(m,n’);
x1 py and py are L-equivariant, and with the given actions, (u: M — L), (v: N — L)
and (poppy = vopn: P — L) are crossed modules;
x2 py(h(m,n)) =m"m~1 and py(h(m,n)) ="nn"1;

xs h(pm(p),n) = p’p~" and h(m,pn(p)) ="pp~";

x4 “h(m,n) = h(*m,*tn).

Morphisms are natural transformations, compatible with the actions and with the map h.
Crossed squares and morphisms between them form the category XSqr.



11. Internal crossed squares [dMVdL20]

By definition now, XSqr(Z") :== XMod(XMod(Z")) for any semi-abelian category Z;
then XSqr ~ XSqr(Gp) is automatic.

Unfortunately, this doesn’t explain the Brown-Loday definition at all!

Our attempt at a more detailed analysis depends on the non-abelian tensor product,
also introduced by Brown and Loday in the article [BL87].
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The induced M ® N is the group generated by m @ n for m € M and n € N, such that

(mm)Y@n=("m" ®"n)(m®n) and M (nn')=(mMmn)("m"n’).

The function h induces a morphism h: M@ N — P: m ® n ~ h(m, n), because
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Given two groups M and N acting on each other (and on themselves by conjugation),

their non-abelian tensor product M ® N is the group

generated by the symbols m ® n for m € M and n € N, subject to the relations
(mm")®@n=("m" ®"n)(m®n) m® (nn") = (m@n)("m®"n")

forallm, m" e Mand n, n’ € N.

Note that providing mutual actions is essential; in this sense,
saying that M ® N is a tensor product of groups is not quite fair.

It is common to restrict ourselves to the following key special case, which
in the terminology of Brown-Loday amounts to asking that the given actions are compatible:

We have a group L and two L-crossed modules ;1: M — Land v: N — L;
these induce actions of M and N on each other, and we obtain a crossed module MQN — L.
Thus, the non-abelian tensor product restricts to a functor

X: XMOdL X XMOdL - XMOdL.

How to extend this beyond the case of groups?
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Letu: M — Land v: N — L be L-crossed modules of groups.
Then the crossed square on the left

™ Pm
In 1
) e
N——>1 N—>1L

where Ty (m®n) = m"m~!, In(m®@n) = "nn~tand h(m,n) = m®n
is universal in the following sense:

If the square on the right is another crossed square (with the same p and v), then there is
a unique morphism of crossed squares ( ¢ M) from the left-hand to the right-hand
crossed square which is the identity on l\/l N and L and where ¢: M@ N — P.

This allows us to charaterise & as a pushout in XSqr.



15. Characterising ® via a universal property Il

Letu: M — Land v: N — L be [-crossed modules of groups.
Then the diagram

0——0 0———M
(122)
1o 1

0——1L 0——1L

()] Jew

0—>0 M@N—25 M

_— TN 14
l l(ff) l l
N——1 m N——1

a pushout in XSqr.

[BL87]



15. Characterising ® via a universal property Il

Letu: M — Land v: N — L be [-crossed modules of groups.
Then the diagram

0——0 0———M
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1o 1

0——1L 0——1L

()] Jew

0—>0 M@N—25 M

_— TN 14
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a pushout in XSqr.

This, we can do in general!

[BL87]
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Let u: M — Land v: N — L be L-crossed modules in a semi-abelian category Z".
Consider their induced internal category structures
k LN k
N> N x L <en [ Sew> M x L << M.

CN dlvl

In Cat?>(2"), we construct the following span.
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Let u: M — Land v: N — L be L-crossed modules in a semi-abelian category Z".
Consider their induced internal category structures
dy
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The needed tensor crossed square in 2~ is the normalisation of the span’s pushout.
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Let u: M — Land v: N — L be L-crossed modules in a semi-abelian category Z".
Consider their induced internal category structures
dy
N5 N LeeNi L45 V= M X L <M,

CN dlvl

In Catz(%) we construct the following span.

-—

NNLMN L L%l L M x 1 /\/I><1L
eNlL eMeM T T

1 1 eN 1L h h tT dpm @] 6{\4 dm

NNLHN L L%l L L 1 L

The needed tensor crossed square in 2~ is the normalisation of the span’s pushout.

This defines a functor ®: XMod,(Z") x XMod,(Z") — XMod,(Z").
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» In an algebraically coherent semi-abelian category,
[M, N] >—=> N

Mp——>1
is the initial crossed square of normal monomorphisms over m and n.

The intersection M A N also forms such a crossed square, and we may show that
the image of the canonical maph: M® N — M A Nis [M, N].
» X in a semi-abelian category 2" is abelian when [X, X] = 0 and nil-2 when [X, X, X] = 0.
These form full subcategories Ab(.2") and Nily(2") of 2.
If 2" is algebraically coherent, then for any pair of abelian objects M and N
acting trivially on one another, we have M @ N = M o9 N,
where M o9 N is the cosmash product in Nila(Z").

In particular, when M and N are (abelian) groups, M@ N = M ®z N.
This exhibits the bilinear product of [DHVdL25] as a non-abelian tensor product.



18. Internal crossed squares I [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).



18. Internal crossed squares Il [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).

p_PY g A weak crossed square is a commuting square in the category Z°, with
» internal actions of L on M, N and P
PN K (of M on Pand N via y, of N on M and P via v)
N——>1L >andamorphism/_7:/\/l®N—>P



18. Internal crossed squares Il [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).

p_PY g A weak crossed square is a commuting square in the category Z°, with
» internal actions of L on M, N and P
PN K (of M on Pand N via y, of N on M and P via v)
N——>1L >andamorphism/_7:/\/l®N—>P

such that conditions resembling those of a crossed square of groups hold.



18. Internal crossed squares Il [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).

p_PY g A weak crossed square is a commuting square in the category Z°, with
» internal actions of L on M, N and P
PN K (of M on Pand N via y, of N on M and P via v)
N——>1L >andamorphism/_7:/\/l®N—>P

such that conditions resembling those of a crossed square of groups hold.

Any crossed square is a weak crossed square.



18. Internal crossed squares Il [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).

pm A weak crossed square is a commuting square in the category Z°, with

P m
» internal actions of L on M, N and P
PN K (of M on Pand N via y, of N on M and P via v)
N——>1L >andamorphism/_7:/\/l®N—>P

such that conditions resembling those of a crossed square of groups hold.

Any crossed square is a weak crossed square.
In all examples we know of, the converse holds.



18. Internal crossed squares Il [dMVdL20]

Let 2 be an algebraically coherent semi-abelian category.
By definition, a crossed square is an object of the category XSqr(Z") := XMod(XMod(Z")).

pm A weak crossed square is a commuting square in the category Z°, with

P m
» internal actions of L on M, N and P
PN K (of M on Pand N via y, of N on M and P via v)
N——>1L >andamorphism/_7:/\/l®N—>P

such that conditions resembling those of a crossed square of groups hold.

Any crossed square is a weak crossed square.
In all examples we know of, the converse holds.
We don’t know if this is true in general.



What is a double central extension?
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‘/H > take kernel pairs R = Eq(py) and
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The given double extension is central,
iff any of the cubes induced by the blue adjunction units is a limit cube.

This idea works in all semi-abelian categories, for extensions of arbitrary dimension.
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For instance, with Diana Rodelo we used higher central extensions in a Yoneda-style
interpretation of the cohomology groups in the semi-abelian setting [RVdL10, RvVdL16].

» | truly believe our incomplete attempt at characterising crossed squares is sound.
[ hope to prove this, one day!

» Of course, Ronnie Brown did many things besides what | mentioned here today.
My focus here was on how he influenced my own work,
and on my own answers to these few questions.
Without his contributions, my work would be incomparably less exciting.
For this, | will forever remain immensely grateful.



Thank you!
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