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Aim and motivation

- Aim: Compare protomodular objects and weakly protomodular objects
in unital categories and show that they are distinct

- B protomodular object = B weakly protomodular object
&~

- Motivation: In Mon protomodular objs = weakly protomodular objs

(this also happens for other unital categories besides Mon)

- Question: are protomodular objects = weakly protomodular objects
in any unital category?

- Answer: No (we give an example)
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(protomodular categories where introduced as a categorical generalisation of Grp)

- Def: V pointed variety is protomodular if theory admits unique constant 0,
n binary operations o; sth oi(x,x) =0, (n + 1)-ary operation @ sth

9(0’1(x,y),--- 70"(X7y)7y) =X

-Rem: For Grp, n=1, o(x,y) =x—y, 0(x,y)=x+y
(30, o(x,x) =x—x=0, 0(c(x,y),y) =x—y +y = x)
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x4+ 0=06(c1(x,0),--- ,04(x,0),0) = x
0+ x =6(01(0,0),--- ,04(0,0),x) = O(o1(x,x),--+ ,0n(x,x),x) = x

. ’(C pointed protomodular category = C unital ‘

- Rem: V/C unital % V /C protomodular
Ex: Mon is unital but not protomodular N I>—> N >< N=—= e N

(0 1)
]
jecti Np—>N >< N— —> N

(4, 2) not surjective 0 <
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(Weakly) protomodular objects - definition

[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]
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- Recall: C pointed is protomodular iff all points are (stably) strong

- Def: C lex. B is a protomodular object when all points over B are stably strong

B is a weakly protomodular object when all points over B are strong

- Properties: - B protomodular object = B weakly protomodular object
- B weakly protomodular object - B protomodular object
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C O+lex. 0 always weakly protomodular. [BB]
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[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]

- Recall: C pointed is protomodular iff all points are (stably) strong

- Def: C lex. B is a protomodular object when all points over B are stably strong

B is a weakly protomodular object when all points over B are strong

- Properties: - B protomodular object = B weakly protomodular object
- B weakly protomodular object - B protomodular object

-

C O+lex. 0 always weakly protomodular. 0 is protomodular iff C is unital [BB]
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(Weakly) protomodular objects - definition

[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]

- Recall: C pointed is protomodular iff all points are (stably) strong

- Def: C lex. B is a protomodular object when all points over B are stably strong

B is a weakly protomodular object when all points over B are strong

- Properties: - B protomodular object = B weakly protomodular object
- B weakly protomodular object # B protomodular object
C O+lex. 0 always weakly protomodular. 0 is protomodular iff C is unital [BB]
Ex: The category Set. of pointed sets is 0+lex and not unital: any singleton

{x} is weakly protomodular but not protomodular
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[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]

- Recall: C pointed is protomodular iff all points are (stably) strong

- Def: C lex. B is a protomodular object when all points over B are stably strong

B is a weakly protomodular object when all points over B are strong
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- C O+lex. 0 is protomodular iff C is unital

C lex is protomudar iff all objects of C are protomodular objects

- Rem: Protomodularity of an object depends highly on the category where it is taken
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(Weakly) protomodular objects - definition

[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]

- Recall: C pointed is protomodular iff all points are (stably) strong

- Def: C lex. B is a protomodular object when all points over B are stably strong

B is a weakly protomodular object when all points over B are strong

- Properties: - B protomodular object = B weakly protomodular object
- B weakly protomodular object - B protomodular object
- C O+lex. 0 is protomodular iff C is unital

C lex is protomudar iff all objects of C are protomodular objects

- Rem: Protomodularity of an object depends highly on the category where it is taken
Ex: A group is a protomodular object in Grp (Grp is a protomodular category)

A group is a protomodular object in the category of unital magmas only if itis 0
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Weakly) protomodular objects - examples

[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]
[Garcia-Martinez, A new characterisation of groups amongst monoids, ACS (2017)]
[Garcia-Martinez, Van der Linden, A note on split extensions of bialgebras, Forum Math. (2018)]

Clementino, Martins-Ferreira, Montoli, On the categroical behaviour of preordred groups, JPPA (2019)]
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[Garcia-Martinez, A new characterisation of groups amongst monoids, ACS (2017)]
[Garcia-Martinez, Van der Linden, A note on split extensions of bialgebras, Forum Math. (2018)]

Clementino, Martins-Ferreira, Montoli, On the categroical behaviour of preordred groups, JPPA (2019)]

- Examples: - (weakly) protomodular objects in Mon are groups
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- (weakly) protomodular objects in the category of cocommutative bialgebras over an
algebraically closed field are cocommutative Hopf algebras
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Weakly) protomodular objects - examples

[MRVdL, Two characterisations of groups amongst monoids, JPAA (2018)]
[Garcia-Martinez, A new characterisation of groups amongst monoids, ACS (2017)]
[Garcia-Martinez, Van der Linden, A note on split extensions of bialgebras, Forum Math. (2018)]
[Clementino, Martins-Ferreira, Montoli, On the categroical behaviour of preordred groups, JPPA (2019)]
- Examples: - (weakly) protomodular objects in Mon are groups
- (weakly) protomodular objects in SRng are rings
- (weakly) protomodular objects in the category of cocommutative bialgebras over an
algebraically closed field are cocommutative Hopf algebras

- (weakly) protomodular objects in OrdGrp are ordered groups (B, ~), ~ equiv.

- Rem: All the above are unital categories

- Question: ’ C unital: protomodular objects = weakly protomodular objects?

- Recall: In Set, any {x} = 0 is weakly protomodular, but not protomodular

However, Set. is not unital
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Main example

[G-MMRVdL, A comparison between weakly protomodular and protomodular objects in unital categories, arXiv:2409.19076)
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Main example

[G-MMRVdL, A comparison between weakly protomodular and protomodular objects in unital categories, arXiv:2409.19076)

- The answer to the question in NO. We give an example of a unital category and a

weakly protomodular object which is not a protomodular object
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Main example

[G-MMRVdL, A comparison between weakly protomodular and protomodular objects in unital categories, arXiv:2409.19076)

- The answer to the question in NO. We give an example of a unital category and a

weakly protomodular object which is not a protomodular object

- Def: Left loop: (X,*,\,e) sth (1) x=*(x\y)=y

(2) \(x=*y)=y
(3) x*xe=x=ex*xx
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x\y = x\y’ = x *x (x\y) = x = (x\y’) (:lg y =y’ (left cancellative wrt \)

- Rem: The variety LPM of LPMs is unital (by (3)). LPM is not protomodular:
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(8) xi\(e\ -+ (x\x) ) = e
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